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This paper presents a relatively new approach to the solution of negative im-

pedance problems related to vacuum tube circuits. The approach consists of

reducing the vacuum tube circuit of a device for producing negative impedance
to an electrically equivalent four-terminal network from which the stability and
the operation of the device as an element in a system can be predicted accurately.

The theory is of interest at this time because a negative impedance repeater, the

El, has recently been developed for use in the exchange plant. It has been found
that such a repeater can be placed in series with a voice frequency telephone line

to provide transmission gains which are ample for many purposes.

Introduction

A NEW type of telephone repeater known as the El has been developed

*• * recently to meet the large demand in the exchange area for an eco-

nomical means of providing transmission gains of about 10 db in two-wire

telephone lines. This repeater costs less than the 22 type which has been the

standard two-wire, two-way means of amplifying voice currents in the Bell

System. The difference in cost is made possible by a difference in operating

principle. The El repeater employs a type of feedback amplifier the action

of which can be said to have the properties of a negative impedance converter.

It is the purpose of this paper to describe the operation of the negative im-

pedance converter, which is a device for transforming positive impedance

into negative impedance.

Negative impedance like positive impedance can have two components:

reactance and resistance. The reactance component can be either positive or

negative. However, for an impedance to be negative the resistance compo-

nent should be negative at some frequency in the range from zero to in-

finity.

The idea of negative resistance originated over 30 years ago, and in the

beginning was associated with the concept of resistance neutralization. This

concept grew from the observation that a two-termina! device could be

found which had an unusual property when inserted in series with a single

mesh circuit: it could produce the same flow of current as would flow other-

wise at some frequency provided a resistance R were removed from this mesh.

Apparently, the addition to a circuit of a two-terminal element could neu-

talize an amount of resistance equal to R. Thus within certain frequency

limits this two-terminal device could be treated as a negative resistance equal

in magnitude to — R.
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In the early days of vacuum tube development the negative resistance

effect was considered to be an important one. Possibly the regenerative vac-

uum tube circuits associated with the early radio receivers stimulated interest

in the subject. One of the first text books on the theory of vacuum tube cir-

cuits 1 devoted about as much space to regenerative means for producing

negative resistance as it devoted to the theory relating to any one of the

more conventional devices—namely: amplifiers, oscillators, modulators and
detectors. In spite of the interest in the subject, little practical use was made
of the negative resistance theory.

Negative resistance cannot be completely disassociated from reactance.

A vacuum tube circuit arranged to develop negative resistance will present

reactance as well at some frequencies, and the effect on an external circuit

at these frequencies will be that of taking away resistance and adding or

subtracting reactance. At high and low frequencies the circuit may present

a positive impedance. Consequently, the term negative impedance is used

herein to designate the effect produced by a two-terminal device which has

the property of negative resistance at some frequency or frequencies, nega-

tive resistance plus reactance at other frequencies and positive impedance

at still other frequencies.

The Negative Impedance Converter

Heretofore, many vacuum tube circuits have been devised for converting

positive impedance into negative impedance. All known simple circuits

employing vacuum tubes for obtaining negative impedance, as distinguished

from the combination circuits which can be made up either of vacuum tubes

or of negative elements found in nature, have much in common and can be

treated as the same type of arrangement. Essentially, this type of arrange-

ment is a feedback amplifier and can be treated as such. Recently, a new
method of handling these devices has been developed which has the merit

of simplifying computations in many cases. This method is based upon the

fact that vacuum tube circuits devised for converting positive impedance

into negative impedance can be reduced to an electrically equivalent, four-

terminal network consisting of a combination of positive impedance ele-

ments together with an ideal negative impedance converter.

This ideal converter, Fig. 1(a), resembles a form of transformer: it has a

ratio of transformation of — k:l, can have four terminals and is capable of

bilateral transmission. Assume that a positive impedance ZN is connected

to terminals 3 and 4 and — kZN is seen at terminals 1 and 2, Fig. 1(b). Then
it must follow from the theory described herein that if a positive impedance

1 L. J. Peters—Theory of Thermionic Vacuum Tube Circuits—McGraw-Hill Book
Compan>— 1927.
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ZL is connected to terminals 1 and 2, a negative impedance Z,J—k will be

seen at terminals 3 and 4, Fig. 1(c).

George Crisson stated2 that there are two types of negative impedance

which he denned as the series type and the shunt type respectively. His

series type is the reversed voltage type of negative impedance —kZN equiva-

lent to -V/I; and his shunt type is the reversed current type ZL/-k

equivalent to V/-I. This is a logical development considering that impe-

dance Z equals V/I, and therefore negative impedance (-Z) equals either

— V/I or V/— I where V is the voltage measured across the impedance and

/ is current flowing through it.
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Fig. 1—The negative impedance converter.

It is important to note that k, the ratio of transformation, is of the form

A/0 where both the magnitude A and the angle 9 are changing, however

slowly, with frequency. This follows from the fact that, as will be shown, k

contains a term (mi - 1) wherem is a voltage ratio the magnitude and phase

of which can change with frequency.

The ratio of transformation k can be made to have a magnitude closely

approaching unity, and at some frequency or frequencies the angle can be

made zero. If k equals 1/0 the series type negative impedance seen at ter-

minals 1 and 2, Fig. 1(b), will be equal to -ZN ,
-V/I, where the voltage V

is reversed by 180 degrees from the voltage which would appear across ter-

minals 1 and 2 were the impedance here the positive impedance ZN and the

voltage to current ratio the conventional V/I. Likewise, the shunt type

negative impedance seen at terminals 3 and 4, Fig. 1(c), would be ZJ—1,
V/—I, where here it is the current which is reversed by 180 degrees from the

current which would flow through the positive impedance ZL . Thus a strange

fact is noted: multiplying a positive impedance by — / does not yield the

2 George Crisson—Negative Impedance and the Twin 21-Type Repealer—B.S. T.J.—
July, 1931.
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same result from a circuit viewpoint as dividing a positive impedance by
— 1. A positive impedance multiplied by —1 is a series type negative im-

pedance. A positive impedance divided by —1 is a shunt type of negative

impedance.

A practical (i.e., real or actual) converter circuit can be represented by
Fig. 1(d). A vacuum tube circuit contains positive impedance elements.

Some of these will show up in the equivalent circuit on the left-hand side

of the ideal converter; others will show up on the right-hand side of the ideal

converter. This will be clarified in the discussion of the El circuit which

follows. The equivalent circuit of any practical negative impedance converter

of this type can be represented by the equivalent circuit of Fig. 1 (d) which

shows the positive impedance elements associated with the vacuum tube in

*z, kz <fez, kz 2 -kz 2 -kz y

Fig. 2—Equivalent circuits.

the form of two equivalent networks (.Vi and N2 ) arranged one on each side

of the ideal converter (C) having a transformation ratio of —k:l.

It should be noted that should the series arms of Ni equal k times the

series arms of Y2 and should the same relationship exist for the shunt arms
then the effect of these networks is cancelled, except for power dissipation,

and Fig. 1(d) is equivalent to Fig. 1(a). This is illustrated in Fig. 2 where .Yi

and No have been represented by equivalent T networks as shown specifi-

cally in Fig. 2(a). Network N< can be multiplied by — k and transformed to

the left-hand side of the ideal converter, Fig. 2(b). The adjacent series arms
of these two networks cancel each other as shown in Fig. 2(c) . The shunt arms

go to infinity and the other series arms also cancel leaving Fig. 2(d).

It is not possible to cancel .\\ and Y2 perfectly in a practical circuit design.

But over the frequency range of interest this could be closely approximated

by making all impedances shunting the ideal converter as large as possible,

and by cancelling all resistances in series in .Yj by a resistance added in

N2 .
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As a physical concept the idea of negative impedance is difficult to visual-

ize because this type of impedance supplies power to an external circuit

rather than dissipates it. This power is supplied either by the application of

a reversed voltage or a reversed current. In spite of the difficulty which may

be experienced in attempting to visualize the feedback action that takes

place inside a negative impedance converter, if its equivalent circuit is known

then its stability can be determined readily and its operation as a device

for producing negative impedance becomes obvious.

Stability

Like any amplifier whose output connects back to its input, the negative

impedance converter if not properly terminated can run away with itself and

oscillate. Stability can be determined by conventional feedback theory3
;

fortunately, there is a simpler criterion for determining stability. Consider

again the ideal converter, Fig. 1(b). Assume that ZL ,
not shown on Fig. 1(b),

is an impedance connected to terminals 1 and 2. Consider the circuit mesh

formed on the left-hand side of the ideal converter by the connection of Zh

to terminals 1 and 2. Here a negative impedance (—kZN) is seen looking into

terminals 1 and 2, and a positive impedance (ZL) is seen looking away from

them. The total impedance in this mesh is ZL— kZs - If k ZN should equal

Zh then the total impedance would be zero; and a voltage inserted in series

with this mesh would call for infinite current, a situation obviously impos-

sible. Thus it becomes evident that kZN should not equal ZL ;
or, what is the

same thing, the ratio kZN/Z L should not equal 1/0 if the system is to be

stable. Furthermore, it can be shown that for an ideal converter the ratio

kZN/ZL contains the characteristics of the feedback factor (m/3) of the am-

plifier in the converter. In view of this fact, it might be expected that

Nyquist's rule4 for stability in feedback amplifiers could be paraphrased as

follows: To obtain stability in an ideal negative impedance converter the locus

of the ratio kZK/ZL over the frequency range from zero to infinity must not en-

close the point 1/0.

The same general rule for stability can be arrived at by connecting an

impedance ZN to terminals 3 and 4 of Fig. 1 (c) and by considering the circuit

mesh formed by (ZL/-k) + ZN .It should be noted in this case that Zj—k
calls for a flow of current 180 degrees out of phase from that which would

flow through ZL/k. This means that where the phase angle of Z,Jk equals

that of ZN the magnitude of ZL/k must be greater than that of ZN ,
which is

another way of saying that at this phase angle the magnitude of kZN/ZL

must be less than unity.

3 H. W. Bode—Book—Network Analysis and Feedback Amplifier Design—D. Van

Nostrand Company, Inc.—1945.
4 H. Nyquist—Regeneration Theory—B.S.T.J.—Jan., 1932.
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From a practical engineering viewpoint there is a simple criterion for

judging stability. It can be stated as follows: The ideal negative impedance
converter will be unconditionally stable provided that the magnitude of

kZN/ZL is less than unity at any frequency where the angle of this ratio is

zero.

These same conditions for stability apply to any practical (i.e., real or
actual) converter circuit, Fig. 1(d). However, ZL must be taken as the im-
pedance seen looking into the network N\ from the position of the ideal

converter C, and ZN must be taken as the impedance seen looking into the

network N* from the ideal converter C. In other words, the effect of Nx

must be included in Z,. and the effect of N% must be included in ZN.

Negative Impedance Converter Circuits

Negative impedance can be produced by connecting the output of an
amplifier back in series or in shunt with the input in the right phase rela-

tionship. This type of circuit can be considered as a negative impedance
converter similar to Fig. 1(d) where the ratio of transformation -k is of the

form — (m — J), in which hi represents a function of the voltage amplifica-

tion of the amplifier. The disadvantage of a transformation ratio of this kind
is that it changes markedly with variations in tube constants and battery
supply voltage. Such circuits present a stability problem. One solution to

this problem has been described by E. L. Ginzton5
. He reduced variations

in the amplifier gain by stabilizing the amplifier itself with negative feed-

back and thus reduced variation in m. Note that if mi is set equal to 2, then
— k becomes equal to —1.

There is another method of using negative feedback to stabilize a circuit

for producing negative impedance. This method was used in the El circuit

and will be described in detail in connection with it. Essentially, here nega-

tive feedback is arranged together with positive feedback to produce a trans-

formation ratio for the ideal converter of the form — (^i — 1)/(m2 + 1).

The symbol p2 represents a voltage ratio. Furthermore, mi equals /3i/i2 . If

/3 approximates unity and if n» is very much larger than one, — k approaches
— 1 in value and is relatively independent of variations in tube constants

and battery supply voltage.

In order to illustrate how the equivalent circuit of a negative impedance
converter can be derived, consider a circuit credited to Marius Latour about
the year 1920, Fig. 3(a). Figure 3(b) is a schematic representation of Fig.

3(a) in the manner originated by G. Crisson. With reference to Fig. 3(b), the

polarity of amplifier A is assumed such that, at the instant the a-c current

h flows in the direction indicated, the current L> will flow in the direction

5 E. L. Ginzton—Stabilized Negative Impedances

—

Electronics—July, 1945.
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shown and the voltages V2 and nhZN will have the polarities shown. For

the moment it will be assumed that the input impedance of amplifier A

is infinitely high, an assumption which will be modified later to agree with

actual circuits. The symbols ZN and Z x represent impedances, Rp represents

the plate resistance of the output tube (Tt) and y.hZN represents the voltage

produced in the plate circuit of the output tube of amplifier A, the tube

Fig. 3—Latour's circuit.

T-> of Fig. 3(a), by the voltage drop hZN across the input, grid to cathode of

Th Fig. 3(a). The mesh equations for Fig. 3(b) can be written as follows:

7i = (ZN + Zx) /, -ZJ*
= - (Zi + u.ZN) h + (RP + Zi) h

The current h becomes:

h = Vi(Rp + Zi)
r^ Eq. (1)

(ZN + ZiYR,, + Zx) - (Zi + pZN)Zi

The impedance seen looking into terminals 1 and 2 can be written:

7 - Fl =Zl2 — ^T —
ZiR,

h Zi + R
- + ZM 1 -

v-Z

RP +y Eq. (2)
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Thus the impedance Zn equals the impedance Z\ in parallel with Rp
which combination is in series with impedance ZN multiplied by
1 — ImZi/(Rp + Zi)]. An equivalent circuit for Zn is illustrated in Fig. 3(c).

Next, assume that ZL , not shown on Fig. 3(b), is connected to terminals

1 and 2 of Fig. 3(b) and that ZN is removed from across terminals 3 and 4.

The mesh equations can be written as follows:

-V2 = {Zx + ZL)h -ZJ2

nV2 = -ZJX +(*p + Zi)/i

The current h can be written:

(Zt + ZL){RP + ZJ - Zl ^ {6)

The impedance looking into terminals 3 and 4, Fig. (3b), with the changes
listed above is:

zL + RpZl

Zu =
-h L _ nz

RP +h)
Eq. (4)

Hence, if the circuit of Fig. 3(b) is redrawn as a four-terminal network as

shown in Fig. 4(a) with Z2 added to represent the input impedance of ampli-

fier A the equivalent circuit of this network can be represented by Fig. 4(b).

The equivalent circuit consists of two positive impedance networks, one
on each side of an ideal converter. The ratio of transformation of this ideal

converter is of the form — (jix — 1):1. Looking into terminals 1 and 2,

Fig. 4(b), a series type negative impedance will be seen and looking into

terminals 3 and 4 a shunt type negative impedance will be seen. The proof

that these impedances are negative and of the reversed voltage or reversed

current type has been established by H. W. Dudley, F. H. Graham and
R. C. Mathes for similar circuits and will not be taken up here, although the

fact could be derived simply from equations (1), (2), (3) and (4). The
purpose of this discussion is to illustrate the simplicity with which an
equivalent circuit can be derived, and to point out the value of the concept

of the ideal negative impedance converter.

A well known circuit which can be used as a negative impedance converter

is the circuit of the 21 type repeater. In this circuit the output of the ampli-

fier is connected back to the input through a bridge type of arrangement
referred to as a hybrid coil. Negative feedback and positive feedback can

be developed across this coil between the amplifier output and the amplifier

input. This device was used as a negative impedance converter by Crisson

in his twin 21 -type repeater.
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There is another type of negative impedance converter circuit which

should not be confused with the converter circuits mentioned heretofore.

This type was disclosed by Charles Bartlett in the March 1927 issue of the

IDEAL
CONVERTER
OF RATIO

Rp+Z, j

(a) (b)

Fig. 4—A negative impedance converter and its equivalent circuit.

JX

f=o

L<=>, -R-

f =00

1 R

(a)

-Ri—A

-JX (b)

JX f=—L=
27TVCC

Fig. 5—Impedance loci.

Journal I.E.E. pages 373 to 376. The Bartlett converter consists of a T

network of equal resistances, one of them negative. To construct such a

converter there must be available a negative resistance element. Over a
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finite frequency band this negative resistance can be produced by a converter

circuit such as that of Fig. 4. However, in this case Bartlett's circuit becomes
in a sense, a converter within a converter.

The Negative Impedance Locus

Before the El type of converter is described, it would be well to con-

sider, in general, the impedance characteristic which can be produced by
a negative impedance converter. The shape of the impedance characteristic

over the frequency range, zero to infinity, looking into terminals 1 and 2

or into terminals 3 and 4 of a negative impedance converter will be called

the negative impedance locus. It is convenient to plot this locus in the polar

form with frequency as a "running" parameter. The locus can be derived

for any circuit by means of the theory outlined by K. G. Van Wynen for

positive two-terminal impedances. 6

For example, consider the converter of Fig. 4. Assume that an impedance

such as that shown in Fig. 5(a) is connected to terminals 3 and 4 of Fig. 4;

assume Zj of Fig. 4 is a capacitance and that both Rp and Zx are resist-

ances. Now Fig. 5(a) represents a two-terminal network made up of a

resistance shunted by an inductance. The locus of this positive impedance

plotted on the R and jX plane over the frequency range from zero to in-

finity is shown in Fig. 5(b). At zero frequency the impedance is zero; at

infinite frequency the impedance is R\. If to the network of Fig. 5(a) a ca-

pacitance C is added, to represent Z> of Fig. 4, the impedance of the net-

work so formed, Fig. 5(c), follows the circle of Fig. 5(d). At zero frequency

the impedance is zero, at the resonant frequency the impedance is Ru
and at infinite frequency the impedance is zero again. If the impedance

of this network, Fig. 5(c), were viewed through an ideal negative imped-

ance converter, Fig. 5(e), having a ratio of transformation of — k'A where,

for the moment, k is assumed to be a numeric over the entire frequency

range, the impedance locus can be represented by Fig. 5(f). Of course,

k will always have an angle at high and low frequencies but, to a first

approximation, at least, it can be assumed that over most of the frequency

range shown in the impedance diagrams of Fig. 5(f) and Fig. 5(h) k ap-

proaches a numeric. If the circuit configuration of Fig. 5(g) is created by
adding resistance Ro in series with Fig. 5(e) the impedance locus looks

like that of Fig. 5(h). This is a series type of negative impedance and simulates

the impedance seen over a large portion of the frequency range looking into

terminals 1 and 2 of Fig. 4 with the two-terminal network of Fig. 5(a) con-

nected to terminals 5 and 4.

6 Design of Two-Terminal Balancing Networks—K. G. Van Wynen—B.S.T.J.—Oct.,
1943.
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By a similar analysis, the locus of the shunt type of negative impedance

can be derived. With the proper choice of an impedance connected to

terminals 1 and 2 of the negative impedance converter the locus of the

impedance seen at terminals 3 and 4 can be made to follow a circle in the

clockwise direction (at least as long as k approximates a numeric). Thus,

over a portion of the frequency range the series and shunt type of negative

impedance can be made to have very similar impedance characteristics.

At very high or low frequencies where k has an appreciable angle there will

be a distinct difference between the locus of the series and the corresponding

shunt type of negative impedance. This would be expected because in one

case the network impedance is multiplied by — k; and in the other it is

divided by — k.

The El Converter

The circuit of the negative impedance converter used in the El telephone

repeater is shown in Fig. 6(a). It consists of a transformer, two triode tubes,

an RC network and an inductor. The transformer T couples the cathodes of

the two tubes to terminals 1 and 2. The tubes while apparently in push-pull

are biased for Class A operation. The RC network couples the plate of each

tube to the grid of the other. The inductor L supplies plate current.

The equivalent circuit of Fig. 6(a) is shown in Fig. 6(b). In obtaining this

equivalent circuit the two tubes have been assumed to be identical. Thus

the converter used with the El repeater can be reduced to a four-terminal

network consisting of (reading from left to right) : the equivalent circuit of

the line transformer T; the two biasing resistances R2 ;
the two plate re-

sistances Rp divided by (1 + n*a); the ideal negative impedance converter C

of ratio -(mi - l)/0*a + 1) to 1; the elements of the RC coupling arrange-

ment which appear in shunt across terminals 3 and 4; the inductor L also

shunted across these terminals; and the capacitor Cx which has been

added to represent both the distributed capacitance of the windings of L

and the capacitance between vacuum tube plates.

It should be noted that hi is the amplification factor of each tube; and

that m equals 0^2 where ft is a proportionality factor representing the

fraction of the voltage, between the plate of one tube and ground, which is

fed back to the grid of the other tube. The value of ft depends upon the

values of &, Ra, R* and C2 of the RC coupling circuit. If ft approaches

unity in value then m approximates n2 - If this is so and if both mi and m
are relatively large in magnitude compared to unity then the ratio of

transformation, -(mi - l)/0*» + *) to *» approaches although it cannot

equal —1:1.

As an illustration of how the elements in the El circuit may be propor-
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tioned, consider the practical design of the El converter. Here the ratio

— (hi — 1)/(m2 + 1) to 1 is —0.9:1 over most of the voice frequency range.

This is not the over-all ratio of transformation of the device, but only the

ratio of the ideal converter C, Fig. 6(b). The ratio of transformer T and

the effect of the other circuit elements must be considered in determining

the over-all effect of the converter from terminals 1 and 2 to terminals 3

and 4. The transformer ratio is 1:9 from terminals 1 and 2 to the tube

>(

? Ri L R ?'

1+yU 2

Fig. 6—The El converter circuit.

cathodes. The shunt arms of the networks on both sides of the ideal con-

verter C are relatively high compared to the impedances between which

this converter has been designed to operate at voice frequencies. Therefore,

these shunt arms can be disregarded at voice frequencies although at fre-

quencies above and below the voice band these shunt arms represent a

problem for the circuit designer from the viewpoint of stability. In the

actual El circuit the series arms such as 2Rp/(l + /x 2) and 2R> could be

cancelled out by adding in series on the right-hand side of the ideal con-
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verier a resistance of 1800 ohms (not shown in Fig. 6). The final result is

that the impedance seen, looking into terminals 1 and 2 of the El converter

when 1800 ohms plus a network ZN is connected to terminals 3 and 4,

equals -0.1Z,v within a reasonable percentage of error over the frequency

range from about 300 to 3500 c.p.s. for values of negative impedance from

about 100 to 2000 ohms.

In the practical design two line windings instead of the one shown con-

nected between terminals 1 and 2 in Fig. 6(a) are provided on transformer T.

In practice one of these windings is inserted in each side of the telephone

line in a balanced arrangement. Terminals 1 and 2 are thus effectively con-

nected in series with the line, and the El repeater presents to the telephone

line a reversed voltage type of negative impedance (—7/1), which is the

means of introducing additional power in the line thereby providing a

transmission gain. The value of the negative impedance is controlled by a

NETWORK

1ZI
AMPLIFIER

LINE t TRANSFORMER

nsw
' Fig. 7—El telephone repeater.

network connected to terminals 3 and 4. Thus the El repeater consists of a

transformer, an amplifier unit and a gain adjusting network (Fig. 7). The

transformer, the amplifier unit and part of the network make up the nega-

tive impedance converter under discussion.

For overload conditions the action of a repeater of this kind differs

markedly from what might be expected from a conventional amplifier.

What can be expected of a conventional amplifier is well known. An idea

as to the performance of a negative impedance converter under overload

conditions can be had from the following example: Assume that terminals

1 and 2 of the converter are connected in series with a telephone line and a

network is connected to terminals 3 and 4 so that a reversed voltage type

of negative impedance of a value less than the line impedance is inserted in

the line. The combination described will be stable, and some transmission

gain will be provided by this negative impedance. If now the volume of

speech on the line is increased beyond the overload point the result will be

a noticeable reduction in the amount of negative impedance, and a conse-
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quent reduction in gain. Under excessive overload conditions the negative

impedance becomes small; and the effect of the converter is scarcely dis-

cernible on the transmission of speech as far as gain is concerned. The
harmonic distortion introduced on the line by the vacuum tubes overloading

will increase to a maximum and then decrease with further increase in

volume. The constants of the circuit coupling the plate to the grid of the

vacuum tube or tubes in the converter will determine the maximum amount

of distortion. A push-pull circuit is better from this standpoint than a

single sided one. In the El repeater harmonics are not particularly ob-

jectionable under any condition of overload.

The El repeater employs a single 407A vacuum tube which is a twin

triode of the 9-pin miniature type. When operated on a plate voltage of

130 volts this repeater will pass speech volumes of +10 vu before com-

pression begins because of overloading in the vacuum tube.

Development of the El Equivalent Circuit

One purpose of this paper is to prove that Fig. 6(b) is equivalent to

Fig. 6(a)

Assume that an impedance Zn is connected across terminals 3 and 4.

Assume, furthermore, that the elements C\, Co, R3 and i?8 , which also

connect across terminals 3 and 4, are all included in impedance ZN . Assume

an impedance ZL is connected to terminals 1 and 2. The circuit of Fig. 6(a)

then can be represented by Fig. 8 where the vacuum tubes have been

replaced by their plate resistances (Rp) and their equivalent circuit voltages

Mi^i and \ioeo_. The voltage ntfi is that voltage which appears in the plate

circuit of each tube as a result of the action on the grid of all voltages

between the tube plates and ground. The voltage \io_eo is that which appears

in the plate circuit of each tube as a result of the voltages between the

cathode and ground, Fig. 6(a). The resistors Rh R2 and i?6 designate the

resistance in the various coil windings plus other circuit resistance which

might be inserted at the points indicated. The reactances Xh Xs and Ar3
represent the effect of the self-inductance in the coil windings. The react-

ances Mi, M-i and Ms represent the effect of the mutual inductances between

coil windings. The numbers on a coil winding determine the polarity of the

winding with respect to other windings on the same core. As mentioned

previously the vacuum tubes are operated Class A.

The basic circuit equations can be written as follows for Fig. 8:

= Ph + Qh - M3 (l + &)h - S(\ - Mi)/4

= Qh + Ph - M3 (l + m2)/3 - S(i - ily)U

E3 = -M3/1 - M3I, + (Z, + R6 + X,)IZ +
£4 = -5/x - 5/2 + + (ZN + 2S)h
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Where

P = R + Ri + Xi("l - Mifti) +^2 (1 + M2)

Q = -miXi + Xi(*i - mi) + X2Q + n2)h

S= Ri + Xj(l + k,)

R = Rp + i?2(l + m 2)

& L
= coupling factor = Mi/Xi

h= " " = M2/X2

£3 = " = M3/\/X2X,

E3 and £4 = applied voltages

While the derivation of most of the coefficients in these mesh equations

is obvious, the derivation of P and Q may require further explanation. Co-

efficient P can be considered as follows:

1—The term R equals Rp + R2 (l + M2). The plate resistance Rp is in

the plate circuit and hence stands alone. The resistance R2 being between

cathode and ground, Fig. 6(a), produces negative feedback and must be

multiplied by (1 + M2)-

2—The resistance Rx is in the plate circuit, and here as in the case of Rp

the flow of current in Rx does not produce a voltage across the grid of the

same tube through which this current flows.

3—The reactance Xi is in the plate circuit of each tube, and by means

of the mutual reactance (Mi) is coupled to the respective grid of the

other tube. This coupling provides positive feedback for current flowing

through Xi which can be expressed as ~mMi or — inhXi. Thus the term

-X"i(l — Mi*i) is derived.

4—The reactance X2 being between cathode and ground, Fig. 6(a),

provides negative feedback. Hence X2 must be multiplied by (1 + w)-

Coefficient Q can be explained in similar fashion:

1—Although the flow of current through Rt does not produce a voltage

across the grid of the same tube through which this current flows, a voltage

drop is produced across the grid of the other tube because of the cross

coupling of these grids, Fig. 6(a). Thus voltage drop in one plate circuit

appears between grid and ground of the other tube in the direction to aid

the flow of current in this other mesh; hence the term — piRi.

2—Likewise, the reactance Xi acts in the same manner as Ri in aiding

the flow of current in the other tube circuit. Furthermore, Xi is coupled by

the mutual reactance to this other mesh. These effects can be expressed as

*i(*i - Mi).

3—The reactance X2 is coupled by mutual reactance to both tube circuits.

It appears in each circuit between cathode and ground in the polarity to

produce negative feedback equal to X2(i + nt)k2 .
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In order to establish the fact that Fig. 6(a) can be represented by the

equivalent circuit of Fig. 6(b) the basic mesh equations will be developed in

the following manner:

First—The impedance seen looking into the converter from terminals 1

and 2, Zi2 ,
will be found.

Second—An equivalent circuit which will provide this impedance will be

drawn.

Third—The impedance seen looking into the converter from terminals 3

and 4, Zu, will be obtained.

Fourth—The equivalent circuit for Fig. 6(a) should be the logical result.

Z\i =
E3 -7 Eq. (5)

I* — -

E3

P
Q

-5

Q
P
-s

-5(1 - mi)

-5(1 - mi)

(ZN + 25)
E q. (6)

A

where:

A = -M* Q
p

-s

-M3 (l + M2)

-M3{1 + M2)

-5(1 - Ml)

-5(1 - Ml)

ZN -\- 2S

+M3 p

Q
-s

-M3 (l + M2)

-M3 (l + Ms)

-5(1 - Mi)

-5(1 - Mi)

Z„+25

+ (ZL + i?6 + Xt) p

Q
-5

Q
p

-5

-5(1 - Ml)

-5(1 - Mi)

Z*+25

Solving for I3

UP - Q)[(P + Q)(ZN + 25) - 2(1 - mi)5
2

]
3

(P - Q)[[ZL + R6 + X3][(P + Q){ZN + 25)

- 25
2
(1 - mi)] - 2M3

2

(1 + m)(Zn + 25)]

^ = {ZL + Rs + X9)
-

'3

7x1 = #6 + Ti -

2M3

2
(1 +M2)(ZiV + 25)

{P + Q){ZK + 25) - 2(1 - mi)5
2

2M3

2
(1 + m2)(Z„ + 25)

(P + Q)(ZN + 25) - 2(1 - mi)5
2

Eq. (7)

Eq. (8)

Eq. (9)
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where

P + Q = R + (1 - Mi)5 + Xk(l + w)(l + *0 Eq. (10)

Substituting for P + Q and rearranging

(1 - nJSZN

Z\i = R% -f- A 3

& + A'2 (l + M2)(l + *2 - 2*3 ) + ZN + 2S

Ro-\- A'2 (l + M2)(1 + £2) + (1 - riSZs
ZN +2S

Eq. (11)

Equation (11) can be rewritten in a form from which the equivalent

circuit can readily be constructed. This form is given below in Equation (12)

1

Z12 — Rt T
£+

1

[*,][
-Ko A3 (l + £2 - 2fe3

2

)

2*?*3
2
(1 + M*)

[
1 - Mil f ga 1 f 2SZN "I

Ll+M2jL^3
2
A-2JU;v + 25j

+

Eq. (12)

From Equation (12) the equivalent circuit of Fig. 9(a) can be developed.

Starting at the lower right-hand side of Equation (12) it will be observed

that 2SZN/(ZN + 2S) represents ZN and 25 in parallel. This parallel

combination is multiplied by (1 - Mi)A~3/(l + n^k\ A"2). In series with

the parallel combination is the leakage inductance of transformer T equal

to A~3 (l + h — 2ki)/2k\\ and the term containing R ,
which stands for

Rp
_|_ ^ 2 (i _|_ M2). In parallel with all of this is AY The resistance 2?B is

simply a series resistance as evident from Fig. 8.

It can be seen from Fig. 9(a) that A"3:4X2*3 is the impedance ratio of

transformer T, and that -(mi - l)/0*2 + 1) is the transformation ratio of

an ideal converter. The resulting circuit can be represented by Fig. 9(b).

Next consider the impedance Z34 , which is seen looking into terminals

3 and 4 of Fig. 8.

Eq. (13)

h =

7 - Ei - zN

p
Q

Q
P
-M3

-M3{\ + m)
-M3 {\ 4- M2 )

ZL + Rt + A3

E<
Eq. (14)

{ZN + 2S)[(ZL + R* + X 3)(P + Q) - 2M 2

(1 4- w)]

Ex

h

- 2(1 - nx)S\ZL + R6 + A'3) Eq. (15)

(P + Q)(ZL -\-Re-\~ A3) - 2M2
(1 -4- ms)
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—WV^r-<^W^-f-<fWTb—VW-

-Hie^+UzeQ

- M

N-Ae,+/W2 e2
^ e 2

Fig. 8—Schematic of El repeater.

X3 (i+*2-2* 3
2
)

o—W\r

Z.2-* 0X3

^«3

2X3 s ll-//,

^WV
4*|X2 |l+yU2

|

vw
X 3 ZN
4*3

2 X2

. . X 3 R2 /X3_\ RW 2X2 *3
2

l2X2J*3
2

(l +^2)

T
EQUIVALENT
CIRCUIT OF

TRANSFORMER
MULTIPLY —*-

BY
4X2 kf

JV^JWV
2R 2 2R P

1+//2 25

(b)

Zw = 25 -

Fig. 9— Equivalent circuit of equation (12).

2(1 - mi)5«(Z* + i? 6 + X3 )

(/
J + GXZt + i?6 + A'a) - 2*3

2
.Y,,Y 3 (1 + M2)

Substituting for P -\- Q and rearranging

Eq. (16)
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Zm —

25
+

2R,

(1 " Mi)
+

2.\-
2 (l + M-:)

+

(1 - Ml)

4klX? (1 + no)

[1 + h - 2*']

X3(ZL + R>)

X3 (1 - mi) <,Zl + R* + Xz)

Eq. (17)

From Equation (17) the circuit of Fig. 10(a) can be developed in a manner

similar to the way Fig. 9(a) was developed from Equation (12). Furthermore,

Fig. 10(a) can be rearranged in the form shown in Fig. 10(b).

Fig. 10—Equivalent circuit of equation (17).

A comparison of Fig. 9(b) with Fig. 10(b) shows these two circuits to be

essentially the same except for the point of view. If it is remembered that

ZN in Figs. 8, 9 and 10 has been chosen to include the elements in the RC
network which couples the plate of one vacuum tube to the grid of the

other, then from consideration of Figs. 9(b) and 10(b) it is obvious that

Fig. 6(b) is the equivalent circuit of Fig. 6(a).

If Equation (6) or Equation (7) were studied it would be found that for

all conditions of circuit stability the current h would flow in the same

general direction in which it would be expected to flow in any circuit mesh

where all impedances were positive. But Zn can equal a negative impedance.

Hence, Zl2 must be a reversed voltage type of negative impedance equal to

— V/I. For an impedance to be negative either the voltage V at some

frequency must be the reverse in polarity of that measured across a like

positive impedance or the current must flow in the reverse direction. If the
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current does not reverse direction the voltage must, to produce a negative

impedance.

If Equation (14) for the current I± were studied it would be found that

all conditions which meet the requirement for circuit stability when the

impedance Z34 is negative would produce a flow of current through this

mesh with a phase impossible to realize were Z34 positive. Hence, if im-

pedance Z34 is to be negative the current must be reversed and the im-

pedance must be of the reversed current type equal to V/—I, where here

V is the voltage across Z34 and / is the current flowing through it.

Design Considerations

If a resistance were connected to the network terminals 3 and 4 of Fig.

6(a) the impedance seen at the line terminals 1 and 2 would follow a locus

Fig. 11—Impedance locus of El repeater.

similar to that shown in Fig. 11 for the frequency range from zero to in-

finity. At zero frequency this impedance would be a small positive resistance

equal to the d-c resistance of the primary windings of transformer T.

At some low frequency /1 (Fig. 11) the locus would show a positive im-

pedance. In the El repeater it is this portion of the impedance characteristic

which is used for the passage of low frequencies such as ringing, dialing

and the like. Between the frequencies of

/

2 and f3 (Fig. 11) is seen an im-

pedance which approximates a negative resistance. At high frequencies the

locus would approach the origin again. In Fig. 11 this approach is shown
through the first and then the fourth quadrant. At frequencies above the

speech band passed by the telephone line a negative impedance is not

wanted for the El repeater because it is of little value for voice transmission

and may be detrimental in adding to the difficulty of obtaining stable

operation.
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In the design of the El repeater it is desirable for the network to have

control of the impedance presented at the line terminals over the voice

frequency range
(f->

and /a of Fig. 11). To accomplish this all impedances

shunting the converter circuit are made as large as possible and all impe-

dances in series are made as small as possible at these frequencies. Further-

more, mi is made as close to n2 as practical, and large enough so that the

factor (mi
— 1)/(M2 + 1) is made as close to unity as possible. If this factor

approximates unity and if the series term Rp/{\ + m) is relatively small

with respect to impedances between which the converter is operating, it

can be seen from the equations that battery supply variations and tube

changes should have little effect upon the negative impedance presented

by the converter at these frequencies.

The retard coil and transformer inductances should be considered at low

frequencies as a possible source of instability. At low frequencies the in-

ductance of the retard coil shunting terminals 3 and 4, and the inductance

of the transformer shunting terminals 1 and 2 materially affect the im-

pedances facing the ideal converter.

Another important consideration in the design is the ratio of the line

transformer. The ratio must be such that the tubes will operate efficiently

with the normal network, line load, and plate supply voltages. This part of

the design follows conventional methods.

The distributed capacitances of the line transformer windings should be

taken into account. In general, these are large compared to the tube capac-

itances between cathodes and between ground and each cathode. These

interelectrode capacitances can be neglected at voice frequencies, but at

the higher frequencies all of them should be considered, and conventional

methods of suppression of parasitic oscillations should be applied. Also, the

distributed capacitance of the retard coil must be considered from the

standpoint of stability at the higher frequencies.

Conclusion

A vacuum tube arrangement for producing negative impedance can be

represented by an equivalent four-terminal network consisting of an ideal

converter having a ratio of transformation of — k'A and two positive im-

pedance networks located one on each side of the ideal converter. In these

two networks some of the elements can be cancelled in effect by balancing

those in one network against corresponding elements in the other. Elements

which cannot be balanced can be made either relatively large or relatively

small compared to the impedances between which the converter is designed

to operate. Across one pair of the four terminals of a practical converter can

be seen a reverse voltage type of negative impedance; across the other pair
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can be seen a reversed current type. This device can be made to approach

the ideal only over a finite frequency range. At some frequencies k will not

be a numeric. Likewise, at some frequencies the two internal networks will

produce appreciable effect. Stability can be ascertained readily from a

working knowledge of the components of the equivalent circuit. Designs

are practical wherein variations in battery voltages and vacuum tube

constants are second-order effects.
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